Tomographic diffraction microscopy is a three-dimensional quantitative optical imaging technique in which the sample is numerically reconstructed from tens of holograms recorded under different angles of incidence. We show that combining the measurement of the amplitude, the phase, and the polarization of the field scattered by the sample with an approximate knowledge of the sample permittivity allows reconstruction of spatially complex samples up to 50 nm resolution. This technique should be particularly useful for imaging objects made of known materials. The resolution of diffraction microscopy is fundamentally limited by the elastic light-matter interaction. The Abbe limit states that, in the single scattering regime, the far field scattered by an object illuminated under propagative waves conveys information on the spatial frequencies of the sample permittivity distribution up to 2∕λ at most (where λ is the illumination wavelength in the background medium). Now, the knowledge of the object spatial frequencies within a ball of radius 2∕λ yields a spatial resolution, defined as the full width at half-maximum of the reconstruction of a point-like object, about 0.3λ [1]. In addition, this limit is far from being observed in practice with conventional microscopes, whatever their configuration (brightfield, darkfield, or even confocal) [2] .
The resolution of diffraction microscopy is fundamentally limited by the elastic light-matter interaction. The Abbe limit states that, in the single scattering regime, the far field scattered by an object illuminated under propagative waves conveys information on the spatial frequencies of the sample permittivity distribution up to 2∕λ at most (where λ is the illumination wavelength in the background medium). Now, the knowledge of the object spatial frequencies within a ball of radius 2∕λ yields a spatial resolution, defined as the full width at half-maximum of the reconstruction of a point-like object, about 0.3λ [1] . In addition, this limit is far from being observed in practice with conventional microscopes, whatever their configuration (brightfield, darkfield, or even confocal) [2] .
A widely explored approach for improving the resolution consists of taking advantage of evanescent waves for the illumination or the detection via near-field probes, metamaterial lenses, or plasmons [3] [4] [5] [6] . These techniques ameliorate the resolution, albeit rarely further than 0.3λ in practice, but at the expense of an increase in experimental complexity and a restriction to surface imaging.
Another research avenue consists of extracting the most out of the sample scattered field using numerical reconstructions based on an accurate model of the sample-light interaction. The quantitative imaging approach has been implemented on many different far-field microscope configurations [7] [8] [9] [10] [11] , which all aim at recovering the phase and amplitude of the field scattered by the sample for many incident angles, either directly with an interferometric mounting as in tomographic diffraction microscopy (TDM) [10] [11] [12] [13] or indirectly via a ptychography-like technique [14, 15] . In parallel, many reconstruction algorithms have been proposed to retrieve the sample permittivity distribution from measured scattered field data, from direct linear inversion [7, 10, 11] to iterative reconstruction schemes [12, [14] [15] [16] . All these techniques exhibited a better resolution than that of equivalent analog microscopes, and ranged, in certain cases, up to 0.3λ [11] [12] [13] 17] .
To overcome this limit, one needs to address the fundamental issue of far-field imaging. When the target is much smaller than the wavelength, the scattered field depends mainly on the product of the object volume with the object permittivity contrast. Thus, in the presence of noise, its signature can be confused with that of a bigger object with a smaller permittivity contrast. We reasoned that setting the permittivity contrast to a given value, knowing the physical nature of the sample, would remove this indetermination and allow the retrieval of the accurate volume of the subwavelength target, hopefully way beyond the diffraction limit. In this work, we developed a sophisticated inversion technique, adapted to TDM data, that imposes a binary behavior to the sought permittivity distribution. We obtained an unprecedented λ∕10 resolution on complex objects, experimentally.
Hereafter, we considered nanofabricated objects made of known material, deposited on a Si substrate. This particular geometry was chosen to approach the imaging issues encountered in the control of silicon wafers. The samples were imaged with a homemade offaxis holographic reflection microscope, yielding the phase and amplitude of the field at the image plane for plane-wave illuminations with varying incident angles. To obtain an isotropic resolution in the transverse plane, accounting for and taking advantage of the vectorial nature of light are mandatory [18] . Hence, four measurements corresponding to different polarization pairs of the incident and reference beams were carried out for each incident angle. The data were then calibrated, using the specular reflection beam as a phase and amplitude reference, and appropriately combined to form the vectorial far field f mes l;m scattered by the sample along m 1; …; M directions of observation, k m , for l 1; ; L∕2 directions of illumination, k l , and two independent incident polarizations. More details on the experimental mounting are given in Supplement 1.
All the experiments were conducted with L 44 illuminations regularly spaced within a cone of polar angle θ max 63°a nd M 6361 observation directions, regularly spaced within a cone of polar angle θ max 72°. The wavelength of the illuminated laser beam was λ 475 nm. With such numerical aperture and wavelength, the resolution of a conventional analogical microscope is estimated to 0.7λ ≈ 330 nm.
The permittivity distribution ϵr within a bounded investigating domain Ω was reconstructed from the scattered farfield data using a reconstruction algorithm, hereafter called the bounded inversion method (BIM), which took advantage of the knowledge of the object and background relative permittivity values, ϵ ref and ϵ background , respectively.
Few techniques have been proposed that enforce a binary behavior to the sought permittivity distribution [19, 20] . Based on complex representations of the object, they usually require the tuning of numerous parameters and are significantly more time-consuming than nonconstrained inversion schemes. To our knowledge, they have not yet been applied to configurations with a large number of data such as that encountered in threedimensional optical microscopy. In contrast, BIM requires minimal changes in a standard gradient minimization method and proves to be as fast as its unconstrained counterpart. It does not impose strictly the two values ϵ background and ϵ ref to the relative permittivity distribution, but rather boosts their apparition [21] . We start from a standard inversion scheme where the permittivity contrast χr ϵr − ϵ background in Ω is estimated iteratively by minimizing a cost functional F χ [22] that represents the L2 distance between the experimental data f mes l;m and the field f sim l;m that would be scattered by the permittivity estimate:
For a given estimate χ, the scattered field f sim l;m is simulated rigorously using the coupled dipole method [22] . This technique ensures an accurate solving of Maxwell's equations and is able to account for multiple scattering, if any. To constrain the permittivity, the contrast χ is written in the form
where ξ became the novel parameter of the inversion algorithm. Using this formulation, small ξ corresponds to the background medium and large ξ corresponds to the object. At each iteration, ξ was modified along a descent direction that depended on the gradient of the cost function with respect to χ times the derivative of χ with respect to ξ. By construction, the descent direction tends toward 0 for small and large ξ, and thus promotes the extreme values ϵ background or ϵ ref for the estimated permittivity. A complete description of the coupled dipole method and the inversion scheme is provided in Supplement 1.
To stress the role of the binary constraint on the permittivity retrieval, we compared the BIM reconstructions to that given by another iterative inversion algorithm, named the hybrid method (HM), that assumes solely the positivity of the sought permittivity. HM has proven to be effective on numerous experimental data [12, 23] and is also based on a rigorous solving of the Maxwell equations.
We first investigated the performance of the reconstruction schemes on synthetic data, and considered samples with identical geometry but different permittivities that were belonging either to the weak or moderate scattering regimes. To ensure the same signal-to-noise ratio in both cases, the scattered far field was corrupted with a multiplicative white random noise of root mean square 10%. The samples were made of three cubes of side λ∕20 placed at the summits of an isosceles triangle with center interdistances λ∕10 and λ∕9. The background was air, ϵ background 1.
In the first example, the object permittivity ϵ ref 1 .01 was taken close enough to that of the background for the single scattering approximation to be valid. In this regime, the data are blind to any object spatial frequency larger than 2∕λ, and the resolution accessible without any a priori information is λ∕3 which is much bigger than the cubes' interdistances. It was hoped that by restraining the set of possible outcomes of the inversion schemes using some information on the target permittivity, the recovery of object high spatial frequencies beyond that physically accessible could occur. However, it was observed in Fig. 1(a) that the sole positivity constraint of HM failed to ameliorate the reconstruction beyond the accessible Fourier domain. BIM provided a better reconstruction than HM, yet still without distinguishing the three cubes [ Fig. 1(b) ]. In this case, the misfit between the data and the field scattered by the smooth permittivity estimate was so low (compared to the noise strength) that the BIM minimization process stopped before the reconstructed permittivity reached the targeted values ϵ ref or ϵ background .
In the second example, the cubes' permittivity ϵ ref was taken equal to 4. With such a permittivity contrast, the far-field data cannot be modeled using the single scattering approximation. so that the scattered far field depends formally on all the sample spatial frequencies [24, 25] . This dependence can be an asset for inversion schemes that are based on a rigorous simulation of the light-matter interaction, and resolution beyond the Abbe limit Fig. 1 . Reconstruction of three cubes of side λ∕20 and center-to-center distance λ∕10 and λ∕9 from synthetic data corrupted with 10% multiplicative noise. In (a) and (b), the cubes' permittivity is 1.01. The single scattering approximation is valid. (a) Permittivity reconstruction obtained with HM using the positivity constraint. (b) Permittivity reconstruction with the BIM using the knowledge of target permittivity. (c) and (d) are same as (a) and (b), but the permittivity of the cubes is 4 and the single scattering approximation is no longer valid. BIM is always better than HM and is able, in the multiple scattering regime, to retrieve accurately the three cubes way beyond the Rayleigh limit. The mesh size of the reconstruction is λ∕60.
Letter has been observed in the multiple scattering regime [24] [25] [26] . However, because the inverse problem is nonlinear, the convergence toward an accurate estimate is not always ensured [27] .
In the present case, despite the presence of multiple scattering and its ability to account for it, HM failed in distinguishing the three cubes [ Fig. 1(c) ]. In contrast, BIM provided an accurate description of the sample with a reconstructed permittivity reaching 4 [ Fig. 1(d) ]. The better resolution of BIM reconstruction in the multiple scattering regime can be explained by noting that the particular expression of the sought permittivity promotes, by construction, permittivity distribution with high spatial frequencies. When the latter have an impact on the far-field data, thanks to multiple scattering, they are likely to be better estimated.
We now turn to the reconstruction of several samples from experimental data. We considered a star sample made of 12 resin rods (ϵ ref 2) , of length 520 nm, width about 97 nm, and height 140 nm, touching each other at the center of the star [ Fig. 2(a) ]. Note that the spacing between the rods is always inferior to the resolution of a conventional analogical microscope, even at the external border, where it reaches 320 nm. Despite a moderate contrast and small 140 nm height, we observed with rigorous simulations that such a sample supports multiple scattering. The BIM reconstruction obtained from these synthetic data prove to be perfect, as shown in Supplement 1. In the experiment, however, the data were significantly corrupted by noise, stemming essentially from calibration errors and unwanted speckle. The latter was estimated, by replacing f sim l;m χ by f sim l;m χ true in Eq. (2), at about 55%.
To reduce the influence of the speckle noise, we processed the data with an efficient approach based on the singular value decomposition of the scattering matrix [28] . Basically, we formed linear combinations of f mes l;m in order to generate the target responses to specific illuminations that are focused on the target; see Supplement 1 for more detail. The inversion procedure was then applied to these rearranged data.
We first examined the target using classical microscopy. As expected, the darkfield microscope image [ Fig. 2(b) ] obtained by summing the diffracted intensities recorded at the image plane for all the illuminations retrieved a doughnut without any hint about the rods. The standard tomographic reconstruction (using a Fourier transform technique for processing the data [1, 7, 13] ), did not show any marked improvement (not shown). In contrast, the rods were visible up to mid-length on the HM reconstruction [ Fig. 2(c) ] and were dramatically retrieved on the BIM reconstruction [ Fig. 2(d) ]. More precisely, the air wedge between the resin branches could be retrieved by HM down to 150 nm and by BIM down to 50 nm.
To push further the investigation on the limits of our imager, we considered in a second example a star sample made of rods of width 76 nm, length about 490 nm, and height 140 nm [ Fig. 3(a) ]. With this smaller and less scattering sample, the experimental noise was estimated at about 85%. Unsurprisingly, classical microscopy and standard tomography failed to image the sample [ Fig. 3(b) ]. On the other hand, the rods started to be visible in the HM reconstruction [ Fig. 3(c) ] and were retrieved up to their contact point by BIM [ Fig. 3(d) ]. In this noisier experiment, the air wedge between the branches could be retrieved by HM down to 200 nm and by BIM down to 50 nm, which emphasizes the robustness of the reconstruction procedure. The axial reconstruction of the 76 nm star was, however, more imprecise than that of the 97 nm star, as shown on the three-dimensional isocontours of the reconstrutions displayed in Supplement 1.
Most impressively, BIM was able to distinguish rods of width 97 nm from rods of width 76 nm; compare Figs. 2(d) and 3(d) .
The average values of the reconstructed rod width, measured at mid-length over all the branches, was 117 nm for the first sample and 87 nm for the second one. This result is in agreement with the air wedge retrieval and suggests that, on these examples, the Letter resolution of BIM was about 50 nm, if not better. Note, however, that defining a resolution limit in a nonlinear imaging experiment using a priori information is a difficult task as, in addition to noise, it depends on the scattering regime and on the unknownover-data ratio [29, 30] .
In conclusion, a resolution of at least one-tenth of the wavelength was observed experimentally on complex samples with a tomographic diffraction microscope using an inversion procedure that accounts for multiple scattering and an approximate knowledge of sample permittivity. This development should find many applications in the nanotechnology and solid-state domains, and, more generally, in all cases in which the samples are made of known materials.
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